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Abstract:

As a result of this work models of the finite beam and plate elements
have been elaborated, to enable the analysis of the influence of the fatigue
cracks and delaminations on the dynamic characteristics of the constructions
made of unidirectional composite materials. The method of modelling the
crack or delamination presented in the report enables an easy modification of
the elaborated elements according to its specific damage (oblique crack, two-
side crack, inside crack, multiple delaminations, etc.).

The results of numerical calculations obtained from the crack model
are in consistence with the known influence of the position and depth of the
crack on the decrease of the natural bending frequencies of the cantilever
beam. Simultaneously, a strong influence of the material parameters on these
changes has been observed, which does not exist in the case of isotropic
materials.

The method of modelling the delamination in composite beams and
plates is versatile and allows analysis of the influence of multiple
delaminations on natural frequencies of beams and plates with various
boundary conditions. Using the elaborated models effects of location and size
of delamination on bending natural frequencies of composite beams and

plates were studied.
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1. Introduction

The use of composite materials in various construction elements has substantially
increased over the past few years. These materials are particularly widely used in
situations where a large strength-to-weight ratio is required. Composite materials
similarly to isotropic materials are subjected to various damages, mostly cracks and
delaminations. They result in local changes of the stiffness of the element made of such
type of materials and consequently of its dynamic characteristics are altered. Changes of
natural frequencies and mode shapes, amplitudes of forced vibrations and also coupling
of vibrations forms are observed. The dynamic characteristics of damaged elements can
be correlated with the location and size of damages [1-4] (cracks or delaminations).
These relations are frequently used in diagnosis of such constructional elements - for
example [5-8].

The problem of changes in dynamic characteristic of constructional elements with
damages made of isotropic materials has been a subject of many papers, the review of
which is given by Wauer [9], but only a limited number of papres have been devoted to

the changes in the dynamic characteristics of composite constructional elements. Adams




et al. [10], found that damage in specimens fabricated from fibre reinforced plastics
could be detected by a reduction in the natural frequencies and an increase in damping.
Cawley and Adams [11], successfully tested the frequency measurement principle on
composite matrix for unidirectional composite materials in the presence of damage.
Nikpour and Dimarogonas [12], presented the local compliance matrix for unidirectional
composite materials. They have shown that the interlocking deflection modes are
enhanced as a function of the degree of anisotropy in composites. The effect of cracks
upon the buckling of an edge-notched column for isotropic and anisotropic composites
has been studied by Nikpour [13]. He indicated that the instability increases with the
column slenderness and the crack length. In addition he has shown that the material
anisotropy conspicuously reduces the load-carrying capacity of an externally cracked
member. Manivasagam and Chandrasekaran [14] have presented the results of
experimental investigations upon the reduction effect of the fundamental frequency of
layered composite materials with damage in the form of cracks. The effects of
delamination on buckling and post-buckling deformation and delamination growth with
various geometrical parameters, loading conditions, material properties and boundary
conditions have been studied extensively by Chai ez al. [15], Bottega and Maewal [16],
Whitcomb [17], Yin ef al. [18] and Chen [19]. However, only a few investigations have
been conducted to study the effect of delamination on vibration characteristics. Natural
frequencies of delaminated beams have been studied by Ramkumar ef al. [20] on the
basis of the Timoshenko beam theory. The authors, however, did not take into account
the effect of coupling of the transverse vibration with the longitudinal wave motion in the
upper and lower split layers. Their analytical results predicted significant reduction of the
fundamental frequency (from that of the perfect beam) and this prediction was found to
disagree with the experimental observation. Wang et al. [21] used the classical beam
theory but they considered the coupling effect. With the inclusion of coupling, the
calculated fundamental frequency was not appreciably reduced by the presence of a
relatively short delamination and the results were in close agreement with experimental

measurements. The effect of delamination upon the natural frequencies and mode shapes




was analysed by Shen and Grady [22]. The effect of coupling between longitudinal and
bending vibrations was considered in their model. Free vibration of a laminated
composite beam-plate with a one dimensional delamination with respect to postbuckled
reference states was also studied by Yin and Jane [23].

It is characteristic for all cited papers that their authors applied a continuos or
discrete continuos models i.e. models which are based on differential equations. The
crack in such models was substituted by a spring with additional boundary conditions
[12-13] or by reduction in elastic modulus of material - see for more details [10-11]. The
delamination was modelled by additional boundary conditions - see for more details [22].
This method of modelling is inconvenient for more realistic structures than beams or
plates with constant cross-section. For this reason the authors of the presentéd report
elaborated the alternative techniques of modelling of damaged structures. This technique
is based on finite element method. The report presented the formulation of characteristic
matrices for beam finite element with the transverse crack and delamination and also for
the plate finite element with delamination. The results of numerical calculations received

on the basis of elaborated models are also presented in the report.

2. Cracked beam finite element
2.1. General description of the element

In the Fig2.1 a composite beam finite element with the transverse crack is
presented. The crack;/is placed in the middle of the element and remains open, its depth
is a. The width of the element is B, the length L and the height A. The angle between the
fibre and the axis of the element (plane perpendicular to the crack) is . The element has

three nodes (I, II,III). Each of them has two degrees of freedom: transverse

displacements ¢, ¢, q; and rotations g,,q,,qs. Considering only the case of flat

\/ a)




bending, and assuming that there is no warping in the transverse cross-section of the

element, displacements on the both sides of the element could be expressed by relations:

qs

\\

‘Iz_

rf{///
/ .

Fig.2.1 Composite beam finite element with a transverse crack.

{uxl(x,y) ==y $(x) {uxz (x,y) =~y $,(x) @1

uyl(x:y):vl(x) uyz(x’y):v2(x)

where ¢, (i =1,2) denotes rotation and v, (i = 1, 2) - transverse displacement. Transverse
displacements v, on both sides of the crack (on left and right hand side of the element)
could be approximated by cubic polynomials while the independent rotations ¢, by

quadratic polynomials [24]:

v(x)=a +ax+ax’ +ax’ v, (x) =a; +ax+ax’ +a,x°
(22)
¢ (x)=a, +ax +ax’ $,(x) = a,, +ax+a,x’

Assuming that the distribution of the shear stress is linear [25], the relations (2.2) could

be written in the form:

{vI (x)=a, +a,x +a,x* +a,x’ {vz (x) = a, +ax +ax’ +a,x’ (22.2)

6, (x) =a, +a,x+3a,x’ @, (x) = a,, +a,x +3a,x*
Using the conditions in the nodes of the element and the conditions expressing

consistency of displacements in x and y directions, and the balance of forces and

B A s B




moments we could obtain the unknown values a, —a,,. Values ¢, and c, represent

flexibility coefficients of the element in the crack.

v(x=0)=¢q,, $(x=0)=q,

wx=L/2)=q,, Hx=L2)=q,

v(x=1L)=gs, $,(x=L) =9,

u (x=LJ2)~u,(x=L/2)=c, -ul(x=L/2)

u, (x = L)2)=ul,(x=L[2) (23)
u, (x = L2) =uy (x = L]2)

why (x = Lf2)—u),(x=L/2) =c,uy (x = L/2)

ul (x = L/2)=u},(x= L/2)

ull(x=L[2)=u)y(x= L/2)

yl

Applying the standard finite element formula the coefficients a, —a;, could be written as:

=AY 4 =AM 2.4

. 0 0 0 0 0]
3L-4¢,  L-2¢, 4l-¢) 2 1 L
&l 3B al 3 & 3p
2 L-2, 4 2 2 1
W | @I pL al L &l p
, . 2(L-2c,) 0 .4 z
1 0 0 0
_ BL L B
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(04 (24 (24
3 L-2c, 4(L+cy) 2 L+4c, L
& 38 &L 3 al 3B
2 _Lzag 42 21
A -| oL BL &L L al B
T, 2L-2¢) 4 0 2
3BI 317 38L
0 L 0 0 0 &
B B
o -te 2 R
L BL L B

(2.6)
where @ = L-2¢,,f=L~-c,.
Next, from the relations between the coefficients a, —a,, and the displacements we could

easily obtain the relations for the shape function N, and N, in both parts of the element:

QI q7
uxl . uxz .
}:N1 t L }:N2 : 2.7
uyl uyZ

9s 12
N, =X,-A,, N, =X-A, (2.7.2)

where matrices X, and X, have the form:

0 0 0 =3xy -y -
Yoy xy} (2.8)

X =X, =
! 2|ilxx2 x? 0 0

The strains in the element could be obtained from the following relations:

b e =y 20 b,y = -y 22
’ 29)
£ (x,y)= %—(El_ ¢ (x) Vx2y2 (x,y)= ﬁvz_(X) -0, (x)
x ox

Substituting the relations (2.2.2) into equations (2.9) and using the relations (2.4), (2.5),

and (2.6), the strains inside the elements could be expressed in the node—displacement




function. It means, that the linear strain-nodal displacement relation matrices B, and B,

have the form:

gxl q-l ng q-7
N AR e A (2.10)
xlyl q6 x2y2 q12

B, =X,'A,, B,=X,-A, (2.10.2)

where matrices X, and X, denote:

(2.11)

=X, =

- - 00 0 -6xy 0O -y
X, =X, =
0 1 2x 0 -1 —x

Finally, the matrix of inertia and stiffness matrix of transverse cracked element could be

written in the following form:
M, = p| N[NV, +p[NIN,dV, =
" "

= pAl [XIXdVA, +pA] [ XIX,dV,A, = (2.12)
"

"

= pATMA, +pAIMIA,

K, = [B[DBdV,+ [BIDB,V, =
v,

q

= AT[XIX VA, +A] [XIXaV,A, = (2.13)
n

"

= ATK!A +ATK?A,

where matrix D is the stress-strain relation matrix for the unidirectional composite
material. Substituting into equations (2.12) and (2.13) relations (2.5) and (2:6) and after
multiplying and integrating, the inertia and stiffness matrices for both parts of the element

take the following form:

e

R e T

TR RN

ot R AR AR




M! = BHL

B | —

M’ = BHL

K'! = BHL

1
2

L r L 0 0
8 24 64
r I L
£ £ = 0 0
24 64 160
I r
L 0 0
160 384
I 3LH DHLH
896 640 96 256
Svm ﬁi LE”
ym. 24 96
I*H?
288 |
2 3
8 24 64
2 3 4
712 15[ 31L 0 0
24 64 160
317° 210 0 0
160 128
lﬂf+%ﬁH27fH21ﬁW2
896 640 96 256
Sym E_z L
ym. 24 96
71*H*
288
0 0 0 0 0
Se LS o _Se LS«
2 4 2 3
S, 0 LS LS
LZHZSH 0 %
8 8
Sym. S s
2 8

24

(2.14)

(2.15)

(2.16)




0 0 0 0 0 0 |
Ses 3LSs 0 S _3LS,
2 4 2 8
1L S 0 _3LS, TS
} 6 4 12
K’ =BHL TI*HS,, 0 3LH’S,,
8 16
Sym Ses 3LS,,
' 2 8
7I'S, + H*S,,
L 24 ]

2.17)

where S, and S, are the elements of the stress-strain relation matrix (see Appendix C).

2.2. The model and the algorithm for calculating the flexibility in the crack

The flexibility coefficients of the element due to the appearance of the crack

could be obtained from the Castigliano theorem:

. _ U
" OB 6P,

(2.18)

where U is the additional elastic strain energy of the element caused by the crack, while

P, and P, denote the independent nodal forces of the finite element. The additional

elastic strain energy in the case of cracks existing in the unidirectional composite

materials [12] equals to:

U= j{DIZK; +D, Y K, > Ky, +DZZK,’3,}dA (2.19)
4 i=1

i=1 i=1 j=1

where 4 is the surface of the crack, K, (j=1,11,i=1,2,...,n) are the stress intensity

factors and D,, D,,, D, are the coefficients depending on the material parameters.




D, =-0.5b,, Im[1/s, +1/s,]
Dy, = 1;11 Im[sl Sz] (2.20)
D, =0.5b, Im[sl +s2]

The formulae for calculating values s, s, and b_y are shown in Appendix B.

In the general case, stress intensity factors for composite materials are not equal to the
stress intensity factors calculated from the solution of the crack problem of the same
geometry in the isotropic material. According to the results presented in the paper [26]

these factors could be written as:
K, = oJwaF,(a/ HAZL/H,C) 2.21)

where o, denotes the stress acting in the crack, @ is the depth of the crack, H is the

height of the element, F, are the correction factors, which consider the finite dimensions

of the element and properties of the material (anisotropy of the material), while the
material parameters A, ¢ are given in paper [26]. It is also shown there, that for

f‘\/IL/ H > 2 intensity factors for transverse cracks in composite materials could be given

as:

Kji Y ”aFjr(a/H)Yj(g) (222)
where Yj(é’ ) is the correction function which takes into consideration the anisotropy of
the material {26].

Finally, we obtain:

g
e, =2 ()’ e (223.9
g
oy =D [(FR) g 2

where from [26]:

. 3
0.752+2.02£+0.37(1—sn
F = | £+037(1-sin 7) (2.24.2)
n

cos 7

10




tan 77 0.923+0.199(1—sin )’

F, = (2.24.b)
n cosn
Y =1+0.1(¢~1)-0.016(¢—1)" +0.002(¢~1)° (2.24.0)
{= Euly 2 En (2.24.d)
ZGIZ Ell

and £=a/H, n=rna/2H, while B is the width of the element. The method of

calculating of the material parameters is shown in Appendix A.

3. Delaminated beam finite element
3.1. General description of the element

A discrete model of a delaminated part of the beam is presented in Fig.3.1 The
delaminated region is modelled by three beam finite elements which are connected at the
tip of the delamination by additional boundary conditions.

A9, by I

it -

L2 L2

=

(XY
e
)
N
=y
&
(-
ﬂ,ﬁ]

Fig.3.1. The delaminated region of a beam modelled by finite elements.

The layers are located symmetrically with respect to the x-z plane. Each element

has three nodes at x=—L/2,x=0, x=L/2. At each node there are three degrees of
freedom which are axial displacement ¢,,q,,q,, transverse displacement ¢, g,, ¢, and

the independent rotation ¢,, g, ¢,. Additionally it is assumed that the number of degrees

of freedom is independent of the number of layers.

11




3.1.1. Description of the element number /

Neglecting warping, the displacements  and v of a point can be expressed as:

{u(x, y)=u'(x)-y- Hx) (3.1)

v(x,y) =V"(x)

where u°(x) denotes the axial displacement, ¢(x) the independent rotation, and Vo (x)
the transverse displacement.

In the finite-element modelling, the bending displacements v°(x) are assumed to
be cubic polynomials in x, while the axial displacement #°(x) and the rotation ¢(x) are
assumed to be quadratic. Additionally it is assumed that shear strain variation is linear, as
proposed by Tessler and Dong [25]. Employing the above conditions, the displacements

and rotation in the element may be written in the following forms:

u’(x) = a, +a,x +ax’
$(x) = a, +a,x +3a,x’ (3.2)

VO (x) = a, +a,x+a,x’ +a,x’

The constants @, —a, can be expressed in terms of the element degrees of freedom by

using the nodal conditions in the following forms:

W(x=-L/2)=q,

K =—L/2) =g,

Vi(x=-LI2)=gq,

uo(x =0)=gq,

¢ (x=0)=g, (3)
VY (x =0) =g

u’(x=L12)=gq,

¢ (x=L/2)=¢q,

Vv (x=L2)=q,

12




Finally we obtain:

a, =49,
a, = _q1Z 9
a = 2(% —2q4 +CI7)
3 LZ
a,=ds
a, = ”%;% (3.4)
as = (s
— ~6q, —q;, L +2q,L+69, —q,L
7 6L
a = 2(‘]2 _2q5 +qs)
8 LZ
a. = 2(‘]3 _2‘]5 +q9)
9 3L2

Taking into account Egs. (3.4) and Eq. (3.2) we can determine the matrix of the shape

function for the single layer of the element.

N=X-A (3.5)

where matrix X has the form:

2 _ _ O 22
X:[l X x y -xy O 0 3xy} (3.6)

00 0 0 0 1 x x° x®

whereas the matrix A can be expressed as:

13




[0 0 0 0 0]
LI 0o 0 1 0
I L
2 4 2
= 0 0 —% 0 0 = 0 0
o o o0 0 0 1 0 0 0
1 1
o 0 -— 0 0 0 0 0 =
A= 3 L
0 0 0 0 0 0 0 0
o L L 4o 4 1 5 1 _1
L 6 3 I 6
2 4 2
0 & 0 0 - 0 0 — 0
0 0 = o0 - I
i 3L 3L 30

(3.7)

Employing the shape function matrix for the single layer, we can determine the inertia

matrix of the whole element using the following formula:

=R j=R j=R
M,=> M= p [N'NdV,=3 pA" [X'XdV, A
j=t =ty j=1 v; (3 8)
/=R o '
=Y p,ATM] A

Jj=1

where j denotes the number of a layer, R the global number of layers in the element, V,

the volume of the j-th layer of material and p, the density of the i-th layer.

The value of the integral in Eq. (3.8) (for the j-th layer) can be expressed in

closed form as:

14




~ . I?
Mj:BL —y 0 0 0 0

36 ,
a O IL;)—a 0
2 - 4
. I
12 80
L4
Sym. —a 0
80 . -
——a+
i 3% 30 7] (3.9
where a=H,, - H, p=H., -H:, y=H;,-H].

The strains of the single layer of material are given by the following formulas:

. - Su(x,y) _ o’ (x) y Aé(x)

* Ox Ox x
0 (3.10)
_ Ou(x,y) N wv(x,y) _ v (x) _ p
w By Ox Ox

Taking into account relations (3.2) and (3.4), the strains in the single layer can be

expressed as a function of nodal degrees of freedom:

q
£
< lop.| % , (3.11)
Yy :
95
where matrix B equals
B=X-A (3.12)




and matrix X is given as:

- |01 2x 0 -y 0 0 0O -6x
X= ‘ Y (3.13)
00 0 -1 -x 0 1 2x 0
The stiffness matrix of the whole element has the form:
Jj=R j=R J=R
_ P T _ T v T v _
K,= ‘1Kg—71J‘B D BdV, —ZIA [X'D, XV, A=
J= j=1y,; = v,
T (3.14)
=> ATK/A

—_

j=

where D ; denotes the matrix which describes relations between stresses and strains in the

Jj-th layer of the element (see Appendix C).
The values of the integral in Eq. (3.14) (for the j-th layer of the material) can be

presented in closed form as:

0 0 0 0 0 0 0 0 0
S, 0 -5 —% 0 Ssa 0 0
S, I’ S, [ NW s S, I
0 0 0 D162
3 & 6 * 3% T, P
) Sa %ﬂ 0 -Sea 0 0
K. =BL SsLa+dSyy o _Sel | _Sel 0
12 6 6
0 0 0 0
Sgs 0 0
S I Wi
Sym. Pest 0 _Disr
ym 3 5P
L S11L27
(3.15)
where a=H,, -H,, f=H', -H:, y=H,, - H,.
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3.1.2. Description of elements number II and 111

In order to connect element I with elements /7 and I/, the following boundary

conditions are applied at the tip of the delamination:

) (x) = 143 (x) + 2,6, ()
up (x) = 15 (¥) + 234, (x)
$(x) = §,(x) = 4;(x)

v () =) (x) =v; (¥)

(3.16)

where z, and z, denote distances between neutral axes of elements I~/ and /-I7],
respectively (see Fig.3.1).

Taking into account relations (3.16) and (3.2), the relationships between

constants @, —a, for the above-mentioned elements can be evaluated as:

(ol =al' =a, ol =al =a"

al =al=d", al =al =alf (3.17.a)
ol =

(o' =a] ~y,a;, al' =a -y,

a =al —y,al, a=a -ya; (3.17.b)
=l -3y, ot el -39

where the superscripts 7, I and III denote the number of the element in the region of

delamination.
The shape function matrices for the elements number I/ and /I will have the
following forms:

N,=X-A, (3.18)

N, =X-A, (3.19)

17




where A, (i=1,2):

0 0 0 1 0 zz 0 0 0
_i % 0 0 0 .1~ 0 _A
L L L L
2 2z, 4 4z, 2 2z,
7 ° 7 Y 7o % 7
0 0 0 0 0 1 0 0 0
1 1
0 0 _ 0 0 0 0 0 —
Ai: L L
0 0 0 0 1 0 0 0 0
o 1 1 . o, L o1 1
L 6 3 L 6
2 4 2
0 —L-z— 0 0 —? 0 0 —LT 0
2 4 2
0 0 — 0 — 0
L 32 312 377 |

(3.20)

Taking into account matrices A, and A, we can determine (using relation 3.8) the

inertia matrix of elements /I and I11.

In a similar way matrices B, and B, of elements I/ and /I can be evaluated, and

finally the stiffness matrices (using relation 3.14) of these elements can be calculated.

4. Delaminated plate finite element

4.1. General description

The way of modelling delaminated region in a composite plate with delamination

is presented in Fig.4.1. The delamination is modelled by three plate finite elements. In

order to connect these elements in the delamination crack tip, additional boundary

conditions are applied. Material layers in an element are located symmetrically with

respect to x-y plane. Each element has eight nodes with five degrees of freedom.
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Fig. 4.1. The region of delamination in a plate modelled by finite elements.

Axial displacements «, v and w in a single layer can be expressed as:

u(xaya Z) = uO(x)y) -z ¢x(x:y
v(x,y,2)=v"(x,y)-z- 4,(x,y) (4.1)
w(x,y,z)=w"(x,y)

where #°,v°,w® denote mid-plane displacements, while$, and ¢, denote independent
rotations. To approximate the axial mid-plane displacements and rotations biquadratic

shape functions for eight-node element have been used.

N

q,

(42)

3x40

T T =
1
2,

(40
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N(&n)=-Va+& ~Env o +28 n-2807
N,(&m)=12+n-28 -4

Ny(&m)=-Va+& +Entaf +28 n+ 280
N(&mn)=12~¢-207 +4&17

N,(&n)=V2+E-2m —4érf (4.2.2)
N(En)=—-V4+E +En+ 1 =28 n-241f
N(&n)=12-n-2& +4&n

N(&m)=-Va4+& - gn+nf =28 n+2817

where £=x/L and n=y/B.

Using standard finite element formulae the inertia matrix of the whole element can be

determined:

=R j=R
M, =M = JijfNTNdV]. (4.3)
j=1

=ty

where j denotes the number of the layer, R total number of layers in the element, V, the

volume of the j-th layer of material and p, the density of j-th layer.

The strains in the single layer of material can be calculated from the following relations:

0 ou’ o,

E, =6 +z°K, = —z—1E
ox dx

At a9,

0
E,=€6,+2:K,=
Yy Yy y Of)y é)y

o’ v\ (o4, 94
=y +z.x_ = - x 4 4.4
Ty =Ty TE Ry (ﬁy+0'7x) Z[é’y+5’x (4
ow°
}/:a_ ax ¢x
ow’
Ve = 5y—¢y

Taking into account relations (4.1), (4.2) and (4.4) the strain in a single layer can be

expressed in the following form:
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&, 9 )
&y

\ Vi { = Bsaao Dr (4.5)
Ve

sz Cey

Thus the stiffness matrix of the whole element can be written as:

=R j=R
K,=S K =Y [B'D BV, (4.6)
j=1 j=1 v;

where D, denotes the stress-strain relations matrix for the j-th layer of material (see

Appendix C).

4.2 Boundary conditions in the delamination crack tip

To connect the elements 7 with elements I/ and II7, modelling the delamination area and
to satisfy continuity of the displacements the following conditions must be fulfilled (see

Fig.4.2):

E o
T

Fig.4.2. The cross-section of the plate in delamination crack tip.

{u§=uf—z§~¢x, =1 -7, @

0_,0_ 0. 0_,0_ 0,
v, =V, — 2z, ¢y, v, =V, — 2, ¢y

where z) and z{ are the distances between neutral axes of elements /-// and I-//1.
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Applying relations (4.7) to (4.1), the displacement fields of elements  and /II which
model delamination region are obtained. Similarly, the inertia and stiffness matrices of

these elements can be calculated.

5. Numerical calculations

5.1 Natural frequencies of cracked composite beam

The examples of numerical calculations showing the influence of the crack
parameters (depth and position) and material parameters (volume of the fibre and the
angle of the fibre) on the changes of the frequency of natural bending vibrations were
carried on for the cantilever beam, which geometrical dimensions are shown in Fig. 5.1.
It has been assumed that the beam is made of unidirectional composite material (graphite
—fibre reinforced polyamide). Materials parameters of the components and relations to
calculate the gross material coefficients for the analysed composite material are presented

in Appendix A.

L =600

Fig. 5.1. Geometry of the cantilever composite beam with a transverse crack.
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In all cases we assumed ten beam finite elements presented in the paper

(including the element with the crack) to divide the analysed beam.

The numerical calculations were carried on a PC computer using a program

written by the authors. For the standard eigenvalue problem the QL method was applied.
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In Fig.5.2 and Fig.5.3 the results showing the influence of the depth and the
position of the crack on the first three natural frequencies of the analysed beam are
shown. Numerical calculations have been carried on assuming the overall volume of
fibres of 20% and the angle of the fibre 45 degrees (measured between the geometric
axis of the beam and the material principal axes).

From the Fig.5.2 and 5.3 it is clear, that the increase of the depth of the crack
causes in each case decrease of the each calculated natural bending frequency of the
analysed beam. The influence of the position of the crack on the changes of the i-th
natural bending frequency of the analysed beam is more complicated and should be
considered together with the character of the vibrations corresponding to that frequency.
It shows, that the decrease of the considered natural frequency is most substantial when
the crack is placed in the node and least substantial when the crack is placed in loop of
vibrations. This can be explained by the fact that in the case of vibrations of the cantilever
beam maximal bending moment appear in the nodes, while in the loops of vibrations
bending moment is assumed zero. The decrease of stiffness in the crack corresponds
(through the values of the stress) to the value of the bending moment. Hence, the highest
decrease in the stiffness caused by the crack (and also the highest decrease of the natural
bending frequency of the beam) of the same depth will occur always in the places where
the bending moment 1s highest.

Fig.5.4 and Fig.5.5 show the influence of the material parameters (described by
the angle of the fibres and relative volume of the fibres) on the changes of first three
natural bending frequencies of the analysed beam. For calculations, we assumed non—
changing position of the crack (Z,/L =0.25) and constant value of its depth, namely
35% of the height of the beam.

Two conclusions could be obtained from Fig.5.4 and Fig.5.5. Firstly, with the increase of
the angle of the fibre all natural bending frequencies of the beam increase with respect to
the values of the natural bending frequencies of the beam without the crack. For all

angles greater than 60 degrees, the decrease in the natural frequency caused by the crack
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is almost unnoticeable. This conclusion does not concern the case of isotropic material,
where the relative volume of the fibre equals 1 or 0.

Secondly, as a result of the numerical calculations it has been shown, that the decrease of
the natural bending frequency of the beam caused by the crack strongly depends on the
volume of the fibre. These facts could be explained by noticing the changes in factors

D,, D, in the function of the angle and relative volume of the fibre.

5.2 Natural frequencies of delaminated beam

The formulation of the elements and the method of modelling of the delaminated
region of the beam have been evaluated by performing several example calculations.

Numerical calculations have been made for the cantilever beam of the following
dimensions: length 600 mm, height 25 mm and width 50 mm. The beam was made of
graphite-polyamide composite. It was assumed that all layers of the beam have the same
mechanical properties, i.e., the volume fraction of fibers and the angle of fibers in each
layer are identical. The mechanical properties of the applied material are given in
Appendix A.

The first example illustrates the influence of the delamination position along the
beam height upon the changes of the first bending natural frequency. The length of
delamination was equal to 120 mm (a/L=0.2) and the center of delamination was
located 300 mm from the free end of the beam (Z,/L=0.5). The angle of fibers
(measured from x-axis of the beam) was 45 degrees., whereas the volume fraction of
fibers was equal to 20% the volume of the beam. In this case the beam was discretized by
12 finite elements (4 elements in 2 layers around the region of delamination and 8
elements outside the delaminated region). The results of numerical calculations are given
in Fig5.6. It is clearly shown that the largest drop in the first natural frequency is
observed when the delamination is located along the neutral axis of the beam. When the
delamination is located near the upper or the lower surface of the beam the changes in

the first natural frequency can be neglected.
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In the next example the influence of the length of the delamination upon the drop

in bending natural frequencies of the analysed beam was observed. It was assumed that

the delamination growth from the free end of the beam. The other parameters were the

same as in the first example. The results of numerical calculations are presented in

Fig.5.7. It is noted that when the length of the delamination increases the values of

natural frequencies are greatly reduced. The intensity of these changes also depends on

the number of natural frequencies (i.e., the mode shape and the location of delamination

along the beam).
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The third example shows the influence of the location of delamination along the

beam on the drop in bending natural frequencies. As in the first and second examples the

beam was made of polyamide-graphite composite material. The delamination was located

along the neutral axis of the beam. The length of delamination was equal to 37.5 mm

(a/L =0.0625). Fig.5.8 illustrates the changes of analysed frequencies for different

locations of the delamination. It is clearly shown that the changes in natural frequencies

strongly depend on the location of delamination. For the analysed beam the largest drop

in natural frequency is observed when the center of the delamination is located at the

node of mode shape associated with this frequency.
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5.3 Natural frequencies of delaminated plate

Numerical calculations for the cantilever composite plate have been carried out
for the following plate dimensions: length 240 mm, width 120 mm and height 6 mm. The
plate consisted six layers of materials with changing angle of fibres (+45 degrees in 1, 3,
5 layers and -45 degrees in 2, 4, 6). Each layer of the plate was made of graphite-
polyamide composite. It was assumed that all mechanical properties except the angle of
fibers are the same in each layer. The mechanical properties of the applied material are
given in Appendix A.

The first example illustrates the influence of the delamination position along the

plate height on the changes of the first bending natural frequency. The length of

delamination was equal to 30 mm (a/L=0.125) and the center of delamination was
located 105 mm from the free end of the beam (L,/L = 0.4375). The volume fraction of
fibers was equal to 20% the volume of the plate. In this case the plate was discretized by
54 finite elements (42 elements in 2 layers around the region of delamination and 12
elements outside the delaminated region). The results of numerical calculations are given

in Fig.5.9. It is clearly shown that the largest drop in the first natural frequency is
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observed when the delamination is located along the neutral plane of the plate. When the
' delamination is located near the upper or the lower surface of the plate the changes in the

first natural frequency can be neglected.
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frequency of the cantilever composite plate.

In the next example the influence of the length of the delamination upon the drop
in bending natural frequencies of the analysed plate was observed. It was assumed that
the delamination growth from the free end of the plate. The other parameters were the
same as in the first example. The results of numerical calculations are presented in
Fig.5.10. It is noted that when the length of the delamination increases the values of
natural frequencies are greatly reduced. The intensity of these changes also depends on
the number of natural frequencies (i.€., the mode shape and the location of delamination

along the plate).
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The third example shows the influence of the location of delamination along the
plate on the drop in bending natural frequencies. As in the first and second examples the
plate was made of polyamide-graphite composite material. The delamination was located
along the neutral plane of the plate. The length of delamination was equal to 30 mm
(a/L=0.125). Fig.5.11 illustrates the changes of analysed frequencies for different
locations of the delamination. It is clearly shown that the changes in natural frequencies
strongly depend on the location of delamination. For the analysed plate the largest drop
in natural frequency is observed when the center of the delamination is located at the

node of mode shape associated with this frequency.
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the cantilever composite plate a) first frequency, b) second frequency, c) third frequency.

5. Conclusions

As a result of this work models of the finite beam and plate elements have been
elaborated, to enable the analysis of the influence of the fatigue cracks and delaminations
on the dynamic characteristics of the constructions made of unidirectional composite
materials. The method of modelling the crack or delamination presented in the paper
enables an easy modification of the elaborated elements according to its specific damage

(oblique crack, two—side crack, inside crack, multiple delaminations etc.).
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The results of numerical calculations obtained from the crack model are in
consistence with the known influence of the position and depth of the crack on the
decrease of the natural bending frequencies of the cantilever beam. Simultaneously, a
strong influence of the material parameters on these changes has been observed, which
does not exist in the case of isotropic materials. The results above are also backed
theoretically, but to justify them it is necessary to carry out the experimental research as
well. A preparations to do this has already been made.

The method of modelling the delamination in composite beams and plates is
versatile and allows analysis of the influence of multiple delaminations on natural
frequencies of beams and plates with various boundary conditions. Using the elaborated
models the effects of location and size of delamination on bending natural frequencies of
composite beams and plates were studied.

Based on the numerical results, the following conclusions are drawn:

1) The delamination in cantilever composite beams and plates causes, as expected,
reduction in bending natural frequencies.

2) The changes in natural frequencies are a function of the location and length of the
delamination.

3) When the center of delamination is located at a point where the bending moment
has the maximum value (for analysed mode shape) the reduction in the bending
natural frequency associated with this mode is largest.

4) The largest drop in the bending natural frequencies is observed when the
delamination is located along the neutral axis.

5)  When the length of the delamination increases the drop in natural frequencies also

Increases.
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Appendix A

The properties of the graphite—fibre reinforced polyamide composite analysed in the

paper are assumed as follows [9]:

matrix fibre
(polyamide) (graphite)
elastic modulus E_=2756 GPa E,=275.6 GPa
Poisson's ratio v, =033 v, =02
rigidity modulus G, =1.036 GPa G, =114.8 GPa
mass density £, = 1600 kg/m3 £, = 1900 kg/m3
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The material is assumed orthotropic with respect to its axes of symmetry which
lie along and perpendicularly to the direction of the fibre. The gross mechanical

properties of the composite are calculated using the following formulate:

p=p,v+p,(1-v)
E,=E,0+E,(1-v)

E - Ef+Em+(Ef—Em)u
# "M E,+E,-(E,~E,)v

Vip = V,0F vm(l— v)

1+ Ve — V12 Em/Ell
1+ ‘;m— valem/En

6. -6 |% +G,+(G,-G,)v
G,+G,-(G,~G,)v
E22
2(1— V23)

Vys =V, U+ vm(l— u)[

G, =

where v denotes the volume fraction of the fibre. The principal axes 1 and 2 are in the
plane of the composite specimen aligned along and perpendicularly to the fibre

directions.

Appendix B

The complex constants s, and s, are the roots of the presented characteristic equation

[12]:

51154 _227_16S3 +(2b—12 +566)S2 —ZE6S+E:22 =0

where constants B—,j are calculated from the following relations:
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= b m* +2(b,, + by )m*n” +b,n

b, = b n* +2(b, + b, )m'n’ +b,n*

=(b,, +b, —2b, )m*n* +b“(m4 +n4)

by, = (b, — by, — by )m’n+ (b, — by, +bes)’m
b, = (b, —b,—bg)m'm+(b, by, +bs)m’n

566 = 2(b11 _2b12 +b22 - b66)m2n2 + bﬁé(m4 +n4)

where m= cos(a), n= sin(a), (a denotes the angle between the fibre direction and axis of

the beam perpendicular to the crack-see Fig.2.1). The terms b, correspond to the

situation when the geometric axes of the beam coincide with the material principal axes.

These are related to the mechanical constants of the material by:

bn :'1—(1—"122 l)
E, E,

E22
—v
b,=—2(1+v
L= 22 (0,)
1
b —
66 G12

Roots of the characteristic equation are either complex or pure imaginary and can not be

real. Thus, the four roots separate into two sets of distinct complex conjugates. The

parameters s, and s, correspond to those with positive imaginary parts.

Appendix C

In the case of analysed beam elements, the stress—strain relations matrix posses the form:

=}

1l
|
Ll L
=N =
el
a o
| S|
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while for the plate element, the stress-strain relation matrix can be written as:

&~
[=

| Sal Sl

Ll 2l Sl
N

Sl Sl Bl

)
(=}

=
I
e

| Ll
-
gl g’il

FN
Dy
w
pv

Elements of matrix D can be calculated from following relations:

It

Sm* +8,,n* +2(8,, + Se Jm'n’

(S, +S, — 28 )m*n’ +Slz<m4 +n4)

=8, n* +8,m" +2(S,, + S )m’n’

=8, =8, -S,)m'n +(8,, =S, + 8, )n’m
=8, =8, =S )’m+(S,, = Sy, +Sg)m’n
=2(S,, 48, 28, ~ Sy Jmin® + Sy,(m* +1*)

1

1t

L] ta La| La| L ta
[N} [

N

. =S,m +8n
5 = (Sss - S44)mn

— 2 2
=8, n" +Sm

La| Lol Ba|

N
N

where m= cos(), n= sin(a), (a denotes the angle between the fibre direction and neutral
axis).

The terms S, corresponding with the material principal axes are determined in all cases

by following formulas:

Ry E,
nTy
~Vi2Va
S = E,
2=
Via ¥y
S = -,k
1277
~ V2V

Sss = G12> S44 =Gy, Sss = G13
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